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Several properties of graphs with A = / t = 2 , a  2 : 4  are studied. It is proved tha t  such graphs 
,2re loc,211y unions of triangles, hexagons or heptagons. As ,2 consequence, a dista.nce regular gr`2ph 
with intersection arr,2y (13, 10, 7; 1,2, 7) does not exist. 

1. Introduction 

In this paper we study graphs F which satisfy the following axioms: 

1. (~ = 2.) For any two adjacent vertices in F there are exactly two vertices 
adjacent to both. 

2. (tL = 2.) For any two vertices at distance 2, there are exactly two vertices 
adjacent to both. 

3. (a2 = 4.) For any pair of vertices p,q C F at distance 2, there are exactly 4 
vertices adjacent to q and at distance 2 from p. 

We use the following notations: 

x ~ y  

r (x )  

F2 (z) 

x ,y  E F are adjacent, 

distance between two vertices, 

set of vertices adjacent to x, 

set of vertices at distance 2 of x. 

We shall also assume that  F is connected. An immediate consequence of the 
axioms is the following theorem. 

Theorem 1. /s F is connected, then F is regular, i.e., eve iy  ver tex  h~s the same 
degree k. 

Mathematics Subject Classification (1991): 05 C 75 

0209 9683/95/$6.00 @1995 Akad6miai KiadS, Budapest 



489~ K. C O O L S A E T  

Proof. This is true for every amply regular graph with It> 1. (See for instance [1], 
prop. 1.1.2.) | 

2. Examples 

The following are examples of distance-regular graphs with ~ = tL = 2 and 
o,2 =4.  These examples are taken from [1]. 

1. The complete g r aph / (4  on 4 vertices satisfies the axioms in a trivial way. 

2. There are two strongly regular graphs with parameters  v = 16, k = 6, A = it = 2 
(and hence a,9 =4) .  They are the 4 x 4 grid (i.e., the direct product  /(4 • I(4) and 
the Shrikhande graph. Note that  the Shrikhande graph is locally a hexagon. 

3. The direct products of a number of copies of the K4 graph and/or  the Shrikhande 
graI)h are called Doob graphs and also satisfy our axioms. These graphs are distance 
regular. 

4. There is a unique distance regular graph with intersection array (7,4,1;1,2,7) 
on 24 vertices. This graph also satisfies our axioms. It  is an antipodal 3-cover 

of Ks and can be constructed as follows: vertices are elements of (Z/7Z)2 \ (0,0), 
where we identify (a,b) and ( - a , - b ) .  Two vertices (a,b) and (c,d) are adjacent iff 
a d - b c = & l .  Note that  this graph is locally a heptagon. 

3. Local structure of F 

In what follows we assume that  F has only a finite number of vertices. 

A connected induced subgraph of F of degree 2 and size n is called a true n- 
gon. Note that  for any x E F, the subgraph induced on F(a) is always a disjoint 
union of true polygons. 

Most proofs in this paper make use of the following important  lemma: 

Lemma 1. Consider a true pentagon POPl'"P4 in F. Let q be the m~ique vertex 
~PO adjacent to both Pl and P4. f f  q is not adjacent to Po then q must 1)e adjacent 
to both P2 and I)3. 

Proof. Assume that  Po ~ q. 

Because k = 2 ,  there are 2 vertices a,b adjacent to q and Pl anti 2 vertices c,d 
adjacent to Po and Pl. Any vertex belonging to both {a,b} and {c,d} is adjacent 
to both Po and q. But also Pl and P4 are adjacent to Pl and q, and hence, because 
i t = 2 ,  the sets {a,b} and {e,d} must be disjoint. As povSq, also Po and q do not 
belong to {a,b,c,d}, and hence a,b,c,d,po,q are all different. 

Now, a,b,c,d,p2 E F(pl)AF2(p4), and because a2 = 4  this implies that  P2 is one 
of a,b,c,d. As P2~PO we must have P2~q. Interchanging the role of Pl and P4 in 
the above argument proves that  also P3 is adjacent to q. | 
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Choose a vertex in P and denote it by the symbol co. Choose a vertex (I 
adjacent to co. There is a unique true polygon in P(co) tha t  contains the vertex 
0. Denote the size of this polygon by 7~, and denote tile successive vertices of the 
polygon by successive elements 0 ,1 ,2 , . . . ,  n - !  of Z/rzZ. We shall use the notat ional  

_ c l e f  
convention a = -cz (rood n),Vct. 

Consider any pair of vertices x,:q E Z/'nZ. Apar t  front co there is exactly one 
other vertex adjacent to bo th  z and 9. Denote this vertex by :cy. Clearly :rg=y:t:. 

Now if x and :q differ 2 (mod'/~,) then z.~j is adjacent to co and denotes the 

same vertex as �89 Conversely, if' ;cfl, a;r is adjacent to oc-then ) , = 2  implies 

my C {z - 1, z + 1 } and zy  E {y - 1, y + 1 } and therefore :c - 9 = ~_2. 

Also, because A = t.t = 2, if z?] -- z,t then  the  set F (:~:.~j) ~ F (co) -- {a:, :~j, .~,. } mus t  
have size 2, and hence z = z , ? i = , t  or :r=~,,~]=z.  

Tile set of vertices constructed solar consists of the vertex co, all vertices of 
the given r>gon in F(co) and all vertices adjacent to exactly 2 non-a(bacent  vertices 
of that: r>gon. We denote this set by N(co,O). The above argument  shows tha t  

[ N(co,  0)1 = (r,. 2 - n -F 2)/2. 

The notat ional  scheme used above depends on tile choice of the vertex 0 
adjacent to vo (which could have been chosen in ~z ways) and the choice of the 
vertex 1 adjacent to both  0 and co (which could have been done in 2 w w s  ). As a 
consequence, the proofs in this section remain valid when one of the t ransformat ions  
:r. ~ :~ or a : ~  :r.+a (rood n,) for fixed a, is applied to all numbers  involved. Whenever  
we use this argument  in the proofs below, we will use the clause 'by symmet ry ' .  

Lemma 2. I f  n > 5 then 01,03, 23 form a triangle. 

Proof.  Consider the pentagon 0,1,2,3,03.  This is a true pentagon.  Consider the 
vertex a: r 0 which is adjacent to both  1 and 03. By Lemma 1 there are two 
possibililies: z is adjacent to 0, or z is adjacent to hoth  2 and 3. [n the latter case, 
:c nmst be either oc (which is however not adjacent to 03, as r~, > 5) or 23 (which 
cannot  be adjacent to 1). Hence z is adjacent to 0. As a consequence z is either 
co or 01, and t, he first case is easily excluded because .~1, > 5 and therefore 03 ?6 oc. 
This proves that  01~03 .  

By symmet ry  also 12~-,14. 

Consider the pentagon 1,2,3,03,01. Again this is a true pentagon.  Now 
consider the vertex y r  adjacent to both  2 and 01. I f ' t ; ~ l  then ~/= 12 and 
then three vertices 2,14,01 are adjacent to bo th  1 and 12, contradict ing I~, = 2. 
Hence yvC 1 and then by Lemma 1, y ~ 3  and ~j ~03 .  Because also ? ] ~ 2  we must  
have :q = co or ;q = 23. The first case is easily excluded. | 

Lemma 3. I f  r~ > 5, then the vertices co, 1,01,03, 04 , . . . ,  07t, 03,01,1, co fbrm an 'n-gon 
in F(0). 

ProoL Lemma 2 proves that  0 1 ~ 0 3  and by symmet ry  that  0 1 ~ 0 3 .  

Now take any kCZ/ r tZ ,  kgi3 ,P , , i ,0 ,1 ,2  and consider the pentagon 0,0k, k , k +  
1 ,0 (k+  1). If Ok and 0 ( k + l )  are not adjacent,  then this is a true pentagon.  In this 
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case Lemma 1 implies that oo is adjacent to either Ok or 0 (k+  1), a contradiction. 
Hence Ok is adjacent to 0 ( k + l ) .  This proves the lemma. | 

Lemma 4. The size ~. o fa  poIygon in F(oo) is either 3,5,6 or 7. 

Proof. Clearly n r  4, tbr otherwise oc, 1 and 3 would be adjacent to both 0 and 2. 
It remains to be proved that n < 8. Assume n > 6. 

In Lemma 3 it was proved that 07~ ~ 03. By symmetry this proves that 
(0+4)(7~+4) ,,~ (0 + 4)(3 + 4), i.e., 04 ~ 14. As a consequence 14 is adjacent to 
both 1 and 04 and therefore plays the same role in N(0,1) as did 03 in N(oc,0).  In 
a simnar way in N(0,1) corresponds to 01 in (as 10~ by Lemma 2). 

Applying Lemma 2 to N(0,1) shows that 12 ~ 14. Also, applying Lemma 3 to 
N(1,2) yields 12~14~15 .  Hence, the vertices 12,12,15 are adjacent to both 1 and 
14 and therefore (as i t=2)  12 must be equal to either 12 or 15. This implies n = 7 .  | 

4. The  case n > 3 

Theorem 2. / f  F contains a hexagon each ver tex  o f  which is adjacent to the same 
ver tex  oc C F, then this hexagon belongs to an induced subgraph isomorphic  to the  
Shr ikhande graph. 

Proof. The lemmas of the previous section prove that the subgraph induced oil 
N(oo,0) h ~  (at least) the following adjacencies (we only list adjacencies for typical 
vertices, others can be obtained by symmetry): 

vertex 

OO 

0 

01 

03 

adjacent to 

0 1 2 3 4 5 

oo 1 01 03 05 5 

0 1 14 45 23 03 

0 01 23 3 ~'~ 05 

Define a graph A with 24 vertices denoted by 0o ,0 , . . . , 5 ,01 . . . , 45  and with 
adjaceneies as in the table above. The subgraph induced on N(oo, 0) always contains 
an isomorphic copy of A. In particular, the Shrikhande graph, which satisfies 
the conditions of this theorem, must contain a copy of A. Now both A and tile 
Shrikandhe graph are graphs with 16 vertices and degree 6. Hence A is isomorphic 
to the Shrikhande graph. 

As both P and A satisfy ,~ = it = 2, no further adjacencies can occur in 
N(oo,0). ! 

A similar theorem can be proved for n =  7. We need some lemmas: 

L e m m a  ~. I f  rt, = 7, then 01,23,45,06,12,34,56 is a true heptagon and there is a 
ver tex  ao t to which each o f  i ts vertices are adjacent. 
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Proof. By Lemma 2 we know that  01 ~ 23, and by symmetry,  the given 7 vertices 
determine a heptagon. 

Now consider the pentagon 01,23,3,34,56. We first, prove that  this is a ~true' 
pentagon. The vertices 03 and 2 are adjacent; to the pair 3,23, hence 23 ~ 3d (tbr 

= 2). Both 23 and 03 are adjacent to the pair 01.3. Hence 34 7c 01. Both 3,1 and 
36 are adjacent to the pair 3,56, hence 23~56.  

Define oc / to be the vertex r 3 adjacent to both 23 and 3,1. The two vertices 
adjacent to the pair 3,23 are 2 and 03 and the two vertices adjacent to the pair 
3,3:1 are 4 and 36. Hence no vertex is adjacent to 23,3 and 34 and in p;~rticular 
ec~7C3. By Lemma t, od  is adjacent to 01,23,34 and 56. 

By symmetry, there is a vertex OOll adja,cent to 23, 45, 56 and 01, and it is easily 

seen that  this implies 9e l=  oct. Proceeding in this way we may prove that ,_~,~ is 
adjacent to every vertex of the given heptagon. As a consequence, the heptagon is 
' true' .  | 

Lemma 6. H' n = 7, then 03, 04,14,15, 25, 26, 36 is a true heptagol~ and there cxist:s 
a vertex od  I t:o ~dfieh e~ch of  its ~.,ertices are adjacent. 

Proof. The proof is similar as in the previous lemma, using the pent~gon 
01,03,04,14,15 with oc ~I adjacent to 03 and 15. We leave the rest of the proof 
to the reader. | 

Theorem 3. I f  P contains a heptagon e~d~ vm'tex o f  whirl1 is ~d.jacent ~o the s~m~e 
vertex oc C F, then this heptagon is contained in an fl~duced sub graph of  size 24 
u,hid~ is distance regular with parameters  (7, 4, 1; 1,2, 7). 

Proof. The lemmas of this section and the previous prove that  the subgraph induced 
on N(oc)U{oc', oc"} has (at least) the following adjacencies (we only list adjaeencies 
[br typical vertices, other adjacencies can be obtained by symmetry):  

vertex 

oc 0 

cxJ 01 

eo fl 03 
C l  A .  

01 0 

O3 0 

adjacent to 

1 2 3 4 5 6 

23 d5 06 12 34 56 

04 14 15 25 26 36 

'_ 2! 92 (?t ?~:; 

1 15 56 oc / 23 03 

01 23 3 36 ec tl 04 

We proceed in a similar way as in Theorem 2. Consider the graph A with 
vertices denoted by oc, oct, ooI/,0 . . . . .  6,01,. . . ,  56 and with adjaceneies defined as in 
the table above. Tile subgraph induced on N(o,o,0) always contains an isomorphic 
copy of A. 

In particular, the unique distance regular graph F'  with parameters  
(7, 4,1; 1,2, 7) satisfies the conditions of this theorem, and therefore contains a, cop3, 
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of A. Both graphs F / and A have 24 vertices and degree 7. Hence they must be iso- 
morphic. It also easily follows that no filrther adjaeencies between the 24 vertices 
in N(ec,0)  exist. I I  

As a consequence of Theorems 2 and 3 we may prove that the case n = 5 cannot 
o c c u r :  

Theorem 4. F cannot contain a pentagon in which each vertex is adjacent to the 
same vertex cx~. 

Proof. As before we nmnber the vertices of the pentagon as 0,1,2,3,4. Now F(0) 
contains the following path of length 4: 04,4, ec,1,01. We shall first prove that  
01r 

Assmne the contrary. Define S1 d----elF(I)n F2(4). Note that  3, 04 E S1. Because 
d(1,4) = 2 we have I S I I=  4. Denote the remaining two vertices by z l, Yl- In a similar 

way, d~fine $4 de=f F(4)nF2(1) .  Note that 2,01 E $4 and denote the remaining two 
vertices of $4 by x4,y 4. 

Now, because/z = 2, for every vertex q E $1 there are two adjacent vertices in 
S4U{0,ec} and conversely for every vertex q E $4 there are two adjacent, vertices in 
S1U{0, oc}. With the assumption above, this is only possible when both xl and Yl 
are joined to both z4 and Y4. But because also z 4 ~ 4 ~ y 4 ,  this contradicts IL=2. 

Hence 01 r  As a consequence the path 04,4,oo,1,01 in F(0) is part of an 
n-gon with n > 5 .  By Lemma 4 and Theorems 2 and 3 it follows that N ( 0 , ~ )  must 
be part of either a Shrikande graph, or a distance regular graph with parameters 
(7,4,1; 1,2, 7). But then the subgraph induced on oc, 0 , . . . ,  4 must be contained in 
such a graph, which is a contradiction, for neither graph contains such a pentagon. | 

As an immediate consequence we may strengthen Lemma 4 to the following 
theorem: 

Theorem 5. Let oz be a given vertex in a graph F with parameters A = t t  = 2, a2 = 4, 
then F(oc) is a disjoint union of triangles, hexagons and~or heptagons. II 

5. A p p l i c a t i o n  

Theorem 6. There is no distance regular graph F with parameters (13,10, 7; 1,2, 7). 

Proof. The parameters of this graph i m p l y / ~ = # = 2 , a  2 =4.  
Consider any vertex oc C F. By Theorem 5, F(oc) is a union of triangles, 

hexagons and/or  heptagons. As IF(ec)l = 13 is not divisible by 3, there must be 
at least one heptagon. By Theorem 3, F must have an induced subgraph A with 
parameters (7, 4,1; 1, 2, 7). 
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For any vertex x E A define Na: to be the set of vertices of F -  A adjacent to x. 
We have INxt = 1 3 - 7 =  6. Consider two different vertices z , y  ~ A. We shall prove 
that A(r and _h~j are disjoint. 

Assume z E N~ ANy. If d(x,y)_< 2 then there are 2 vertices adjacent to both 
x and y in A plus at least one extra vertex z outside. This contradicts A = It = 2. 
Now, assume the distance between x and y is 3 in A, then consider u C F(y)NF2(:c). 
There are 4 vertices in A belonging to F(u)ClF2(x). But in F also z belongs to 
F(u) NF2(x). This contradicts 0,2=4. 

Hence, all ~'(z are disjoint. This implies that F must contain at least IA[ + 
61A I = 2 4 . 7 =  168 vertices. But IFI = 144. Hence F does not exist. | 
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